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THE PRESIDENTIAL ADDRESS. 

THE PRESIDENTIAL ADDRESS, 1908. 
"THE USES OF MATHEMATICS AND THE TRAINING OF 

THE MATHEMATICAL TEACHER." 

WHAT is the use of mathematics ? 
There are many parents who would find it extremely difficult to answer 

this question, and if they attempted to give an answer, they would 
in many cases repeat what appears to be a widespread current belief, 
namely, that mathematics is of no use in itself, but that a school course 
in the subject affords valuable mental training and develops the brain. 

If this were all that could be said in favour of mathematics, a strong 
case could be made out for the rival claims of philately to be included 
in the curricula of our schools and universities. The intelligent study 
of a collection of postage stamps may be made of greater educational 
value than the unintelligent manipulation of mere mleaningless collections 
of algebraic symbols. The detection of watermarks and the measurement 
of perforations may be used to afford valuable mental training, and are 
well calculated to develop a child's powers of observation and accurate 
measurement. 

This statement of the educational claims of philately must not be 
taken seriously. It must only be regarded as indicating that, if mathe- 
matics is to be defended against the many competing claims for recognition 
of other subjects in our educational systems, a much stronger case must 
be made out than that based on the mere acadenmic ideal and the considera- 
tions associated with it as to the value of the mental training afforded 
by the study of mathematics. 

Now there are two aspects of mathematics which in my opinion place 
that subject far and away in front of any other branch of human study. 
These are the research aspect and the practical aspect. Of both of these 
the British public is as a rule profoundly ignorant. The claims of scientific 
research for recognition are being slowly forced upon our country by 
the successes of Germany and America, but those who associate any 
meaning with the word "research," contemplate the building of palatial 
laboratories to which the mathematician finds no admittance. Yet the 
mathematical researches of to-day become the practical applications of 
to-morrow and culminate in the commercial successes of the near future. 

It cannot be too strongly made known that the mathematician who 
shuts himself up in his study, and who is content to live on a starvation 
income turning out pages of foolscap covered with x's and ys, may be 
a pioneer, who, without knowing it, is building up the foundations of 
a great industry. 

But, people will say, this may be very true of applied mathematics, 
but surely those long and mystical hieroglyphics in pure mathematics 
can never lead to anything practical. 

A greater mistake could not be made. 
When the engineer passes on a problem to the applied mathematician, 

it is the want of further knowledge of the highest and most advanced parts 
of pure mathematics which frequently stands in the way of the final 
solution. 

Let us take one example of the way in which the study of what appeared 
to be purely symbolical abstractions has conduced to the progress of 
civilisation. 

When mathematicians first began to solve quadratic equations, they 
soon found the square roots of negative quantities occurring in their 
solutions, and a "practical man" of the ordinary type would naturally 
infer that the problems could not be solved, and that it would not pay 
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THE MATHEMATICAL GAZETTE. 

to study them any further. It used to be narrated at Cambridge that 
Todhunter once dreamt that he was minus one under a root and could 
not extract himself. This story was in all probability an invention. But 
the further study of imaginary quantities has revealed the fact that this 
square root of minus one is a magician's wand which is capable of trans- 
forming a subsiding disturbance into an oscillatory one; which is capable 
of tracing out electrical lines of force, and thus calculating the capacity 
of condensers, which with equal facility can be utilised to plot the stream 
lines in fluid motion and thus solve problems of great value in connection 
with naval architecture, and which has played an indispensable part in 
the development both of ordinary and of wireless telegraphy and in the 
transmission and utilisation of electric power. In lecturing on complex 
quantities to a class containing several electrical engineering students, I am 
to point out to them that the subject of the lectures is engineering quite 
as much as mathematics. 

In stating that the future welfare of niankind lies to a very large 
extent in the hands of the mathematician, I wish it to be understood 
that the mathematician is the custodian of a priceless treasure, and that 
a heavy responsibility rests on his shoulders to use the gifts with which 
he has been endowed for the benefit of the race. 

The knowledge of this truth grows upon me every year, but it was 
not till many years after I had completed my training for the Cambridge 
Tripos that the truth even dawned ol me. The period following the 
Tripos was one of depression, arising from the scarcity of openings and 
lucrative appointments available for mathematicians with First Class 
degrees, and the large number of "unemployed" who were endeavouring 
to find precarious work by coaching up others, who in their turn would 
also join the "ranks of the unemployed." 

It was then that I was introduced to the research aspect of mathematics 
by the stimulating influence of several of the mathematical lecturers of 
St. John's College, an influence which has led me always to regard St. 
John's as mty college, even though the bond of connection is entirely un- 
official, and can therefore be described in mathematical language as 
"imaginary." It is quite as strong a connection as that which exists 
between a circle and a straight line outside it which intersect in two 
imaginary points. 

But the researches were for a long time regarded as mere additions to 
the world's ever-accumulating hoard of printed literature which might or 
might not be read by a small circle of mutually admiring mathematicians, 
and which might be regarded as buried rubbish unless some other 
mathematician chance(l to like to work out one of the subjects further, 
in which case his paper would follow the same fate. It was not till 
several years later that the practical aspect of mathematics dawned on 
me. I had read a paper on "Buckling of Plates" at the British 
Association, and this brought me iuto contact with the late Mr. G. R. 
Durrell, for many years editor of Engineering, who introduced me to the 
discussions at the annual meetings of the Institution of Naval Architects. 
In these discuissions I found mathematical considerations cropping up 
everywhere, and what struck me most was that the problems which the 
naval architect has to deal with involve not elementary mathematics, but 
the most advanced knowledge which the mathematician can bring to bear 
on them. At the present time there is abundance of material for mathe- 
matical research in the problems of naval architecture presented by the 
papers read at these interesting gatherings, and the Institution is only 
too glad to receive papers on them. 

A different spirit exists unfortunately among many practical men who 
regard the mathematician as a clever but incomprehensible being whose 
work is of no practical value, and who in fact frequently arrives at 
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THE PRESIDENTIAL ADDRESS. 223 

results which will not hold the test of experimental verification. Such 
men quote the story of the Cambridge mathematician who calculated the 
height of a steeple at eight inches. Now when such discrepancies occur 
the usual fault is that the so-called mathematician is not sufficient of a 
mathematician. It is his want of more mathematical knowledge that 
causes him to arrive at a false conclusion. Such occurrences are calculated 
to give the public a very false idea of the value of mathematics, and 
further harm is done by the effusions of the many circle squarers, angle 
trisectors and cube duplicators who pose as mathematicians before those 
who know no better. 

A further diffictulty arises from the vastness of the subject. No man 
can ever understand more than a small fraction of our existing mathe- 
matical literature. The solution of a problem in naval architecture may 
require the brains of several mathematicians to be brought to bear on it, 
and mathematicians in this country are so overworked that the difficulties 
may be likened to those which I have experienced in obtaining the 
necessary instrumental parts for a performance of Schumann's Quinltet 
with piano-player accompaniment. 

The position of mathematicians in Great Britain is infinitely worse 
than it is in Germany, France or America. It is essential for our national 
progress that mathematicians should bestir themselves, should bring their 
claims prominently before the public, should establish their proper 
position as useful nlembers of the community, and should fight against 
the prevalent spirit of indifference and apathy with which their work is 
commonly regarded, a spirit for which they themselves are often largely 
to blame. 

People cannot be expected to hunt about under bushels on the off-chance 
of finding a candle. The late Lord Kelvin was no cupboard philosopher. 
When a new electrical or semi-scientific journal was started his portrait 
frequently appeared on the frontispiece. This became amusing at times, 
but it was the right thing. 

But our attempts to establish our proper position in the world must begin 
in the schools. It is no use expecting people of mature years, every hour of 
whose time is fully occupied, to readily change their views regarding the 
utility of mathematics. The younger generation must be taught to regard 
mathematics as a scielce and as something useful, not as an examination 
subject. 

The important work which has been accomplished in recent years by our 
Association, to a great measure, I believe, as the result of a movement for 
which John Perry is largely responsible, has greatly improved our position. 
In the years before our Committee had drawn up its Report, a number of 
Euclids had been placed on the market. Immediately the Report was 
published came the rush to Klondyke. A flood of School Geometries was 
poured out, and the Euclids were written off as losses. The boys who used 
to learn the bookwork and could never do a rider now have plenty of occupa- 
tion for their brains and fingers with ruler and compasses. They are able 
to do something and to find out something. 

But there has been no corresponding flood of Algebras, and the old 
addition, subtraction, multiplication, division, greatest common measure, 
least common multiple, square root and fractions die hard. The immediate 
result of the change was in most cases a "chapter on graphs," which fitted 
in ill with the context. Thus the movement which lias for its object the 
lightening of the work of both teacher and pupil in the elementary stages, 
has in many cases had the contrary effect, and teachers are complaining 
that in addition to their old duties they have to teach geometrical drawing 
and graphs. During the last few years a few Algebras on improved lines 
have been announced. But the schoolboy will never overcome his dislike 
for mathematics as long as he is required to perform examination drill with 
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224 THE MATHEMATICAL GAZETTE. 

mere collections of symbols. The logical solution of the difficulty is that 
Algebra should either absorb or be almost completely absorbed by other 
subjects, and that the manipulation of algebraical formulae should never be 
taught except in connection with applications to practical computation. 
Personally I consider that the time has arrived for the disappearance of 
algebra as a separate examination subject. No paper should be headed with 
the forbidding title "Algebra." The division of mathematics into compart- 
ments separated by watertight bulkheads has been condemned by many 
competent authorities. The result of this method of doling out algebra 
and geometry in separate dishes is that many schoolboys think that "the 
answer that is asked for in the book" is something different from what they 
would obtain if they used their own common sense. They would calculate 
the price of so many pounds of sugar quite correctly if they were in a 
grocer's shop, but when they sit over their books they give an answer bring- 
ing in -1" of a pelnny, or running into millions of pounds. 

As the recommendations of the M.A. Committee have filtered through 
the teaching world their diffusion has been retarded and their potency 
diluted by the mass of old-fangled ideas pervading that world. It says a 
great deal for the success of the movement that boys when they leave school 
are now able to perform much more intelligent work in geometry than they 
did a few years ago. 

But if the teaching of mathematics is to be put on a really sound footing 
the teachers themselves must be trained to an appreciationl of the research 
ideal in mathematics. A teacher of physics or chemistry usually knows 
something about research, why should a teacher of mathematics be ignorant 
of the work that is going on in the world of science? It is this ignorance 
that is largely responsible for England's neglect of mathematics. 

What is wanted is that every university student who intends to qualify for 
teaching mathematics should attend one course of lectures on one particular 
branch of higher mathematics, given b?y a professor who is ctza authority on that 
special subject and who has carried out researches in it. 

This, I believe, sounds rather a large order, but it is quite capable of 
realisation. We in Wales are working towards this end, and have mlade very 
substantial progress in the desired direction. We are hampered by many 
difficulties which do not exist at the older universities. The educational 
system of Wales is of comparatively recent development. Moreover, our 
students are not able to devote the whole of their period of academic study 
to mathematics alone. They must also take a full pass degree course in 
physics or chemistry or a number of courses in literary subjects or branches 
of science. Yet every candidate for mathematical honours is required to 
specialise in some one branch of higher mathematics and to pass an examina- 
tion in this subject. A recent important advance has been the adoption of 
the open book in this examination; moreover, the candidate's lecture notes 
are used by him in the examination, and at the conclusion are sent up to the 
Examining Board. We also require a dissertation to be submitted as a 
qualification for the degree of Magister. When I further state tllat Welsli 
students, despite the heaviness of their courses, have satisfactorily stood the 
tests on such advanced subjects as Grassmalnn's A usdehnungslehre, and have 
actually sent up dissertations for the M.A. degree, one student of mine 
choosing a subject entirely different to anything taught in my department, 
it will be seen that my proposal is perfectly practicable. 

I do not say that every university need necessarily require an examination 
on the selected subject. But a certificate of attendance on a course of higher 
mathematics should form one of the necessary qualifications for admission 
to an honours examination, and the certificate should include a statement 
that the candidate's lecture notes had been read and approved. 

By an arrangement such as I have suggested the dead level of uniformity 
in the training of our teachers would disappear, and the hard and fast 
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THE PRESIDENTIAL ADDRESS. 

barrier which so often separates the mathematician from the mathematical 
teacher would break down. We should have all sorts and conditions of men 
and women teaching mathematics in our schools, and the variety in their 
university training would produce representatives acquainted with every 
branch of mathematics and capable of reading and appreciating papers (not 
necessarily of doing actual research) on the prominent problems of the day. 
Thus would be forged a link in the chain required to connect the mathe- 
matician with the British practical man. 

The older universities have possessed exceptional opportunities for carry- 
ing out such a reform. The subdivision of the tripos at Cambridge into two 
parts might have been adopted as the basis, the second part allowing of 
the necessary specialisation after a general training had been provided in 
Part I. But from the first Part II. was doomed to be a failure, partly 
because the Senior Wranglership was associated with Part I., and partly 
because in the first stages none but wranglers were admitted to Part II. 
What was wanted was to make Part I. and Part II. both integral parts of 
the training of the average mathematical teacher and to popularise the 
Second and Third Classes in Part II. The new regulations might easily 
have accomplished this. But they will probably have the reverse effect, 
partly because the selected subject is only to be regarded as a qualification 
for distinction, and partly because Cambridge has killed the goose which 
laid the golden eggs in the form of the Senior Wrangler. Now, the Senior 
Wrangler has been a fetish which appealed greatly to the dailymailocratic 
instincts of the British public. There was no need whatever to kill him. 
The proper course was to assign this title of honour to anyone who obtained 
sufficiently high distinction in Part II. In a good year there might be 
several Senior Wranglers, in a poor year none. The Senior Wranglership 
should, in fact, have taken the place of the "One One" in Part II. Those 
who failed to obtain it would still have been awarded the honourable title of 
wrangler instead of the old position of Class I. Division 2, which implies 
failure to attain something better. But Cambridge gave no one a chance of 
voting except on a choice between two evils. The present evil is that the 
schools will appoint their teachers on the Part I. degree alone. 

There are plenty of young mathematicians at Cambridge who would only 
be too glad to discharge the duties of Privatdozent, for which they are 
eminently qualified. But it was prominently stated in the fly-sheets that 
the University professors, lecturers and Privatdozenten at Cambridge never 
come into touch with the students, and that therefore little value should be 
attached to their opinions on the position of mathematics in the University. 
Fancy such an allegation being put forward seriously in the twentieth 
century! What can Germany and America think of our leading Uni- 
versities ? 

A knowledge of the research ideal is necessary to develop originality on 
the part of the teacher. There is more need of originality now than there 
ever has been in the past, and this need is most acutely felt in teaching the 
elementary parts of mathematics. It is only by the exercise of originality 
that the recommendations of the M.A. can bring forth the best fruit. 
Outside geometry we want original text books on nearly every part of the 
school curriculum. But the writing of text books is in most cases a thank- 
less task, and it is very doubtful how far America may be able to supply our 
needs, so that a great responsibility devolves on our teachers. 

In addition, the teacher requires some general kind of knowledge about 
certain important branches of current research. No man would be con- 
sidered properly qualified to teach physics in a school who was not at least 
aware of the existence of Rintgen rays, radium and wireless telegraphy. 
The mathematical master should at any rate be equipped with a similar 
small modicum of information regarding such modern fields of discovery as 
the Theory of Groups and Non-Euclidian Geometry. As he will be largely 
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226 THE MATHEMATICAL GAZETTE. 

occupied in teaching geometry, his knowledge of the latter subject should 
extend at least to the contents of one of the little pamphlets published in 
France on "our conceptions of space" which are intended for non- 
mathematical readers. Otherwise he cannot form a proper appreciation of 
the geometry which he is teaching, and he may lay undue stress oln points 
which could with advantage be omitted. Yet I have known the case of a 
high wrangler who, on being asked whether he had given any attention to 
non-Euclidian geometry, referred the enquirer to a copy of Baker and 
Bourne! 

If the above remarks refer to the ideal to be aimed at in the training of 
the secondary teacher, what shall we say about the elementary teacher ? 
His case is about as bad as it can possibly be. It is not to be wondered at 
that the attempts of our Association to enlist the elementary teacher in our 
ranks have met with such a scanty response. The fault lies in the way he 
(or she) has been trained. He never regards mathematics as anything but 
an examination subject, and his examinations are frequently conducted on 
very antiquated and unpractical lines. He may even be required to closely 
follow Euclid's treatment in order to pass in geometry. I happened one day 
some years ago to glance over the exercises of one of these students, and I 
foulnd that she was adopting a very long and laborious method to work out 
results that could be done in a line by better and simpler methods, whicll 
I offered to show her. "It's really no use," was the answer; "this is the 
way we have to do it for our examination, and I haven't time to learn any 
other way." 

There is no place for the research ideal or the academic ideal in the 
training of the elementary teacher. His course should be drawn up 
exclusively on practical lines. His proper duty is to give the children of 
the working man such an education as will make them efficient British 
subjects, and to endow them with such qualities as will enable them to 
rise to the best positions in the labour market. Unless elementary educa- 
tion is conducted with this object in view the labouring classes have quite 
as strong a cause for complaint as the taxpayers. Such exercises as 
simplification of fractions (including the 33 of 1 divided by -1 of our old 
books) have no proper place in the curriculum of the labourer's son. What 
he wants is to be able to measure and calculate properly. He might be 
given pieces of cardboard representing flagstones, and asked to arrange 
them in the best way to pave a footpath. A heap of sand or gravel might 
be shot down in the school yard, and he might be asked to find how many 
tons of sand it contains. He would measure the height and diameter of the 
heap, and would then take, say, a cubic foot of sand in a biscuit tin and 
weigh it with a pair of scales. He might plot a piece of land to scale, using 
a protractor when he was sufficiently advanced, and mjight measure its area. 
Then with the protractor he might draw figures and measure heights and 
distances. He might in mechanics learn the principle of the lever, and 
learn that you can never get more work out of a machine than you put into 
it, and that you generally get a great deal less. And he should knm,w 
enough about hydraulics to understand when anything goes wrong with the 
water supply, and not to lay drains sloping upwards, as he commonly does. 

He should learni to use a slide rule from the very beginning. There is no 
reason why an addition slide rule should not be one of the first toys that a 
child has to play with. It will help him to count and to say 2 and 2 are 4, 
2 and 3 are 5. A multiplication or ordinary slide rule can pretty well be 
introduced in learning the multiplication table. Then will disappear the 
troubles with multiplying decimals, and the resolution of our Association as 
to not requiring the use of contracted methods will be understood in its 
true light. 

As it is, I greatly fear that this resolution will in too many cases lead to a 
perpetuation of the long strings of figures which boys will insist in calcu- 
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lating to a high degree of unmathematical inaccuracy. The mistake is made 
when boys are taught to calculate products and quotients except in the 
form of approximations. They then learn something which is not only 
useless but which does harm, as they cannot unlearn it afterwards. Let 
them use a slide rule until they can learn to multiply properly.* 

Having said that uncontracted results of multiplication are useless, I would 
go further and say that they are incorrect. The decimal 0'38909 represents 
the product not of 0'533 and 0'73 but of 0'53300 and 0-73000. An example 
of this kind of unriathematical inaccuracy appeared in a recent account of 
Mr. Farman's aeroplane experiments, in which the English equivalents of 
recorded flights of 771 and 800 metres were given as 2529-52 and 2624'66 feet. 

The mathematical training of the elementary teacher is a question of the 
highest national importance. It must be remodelled in such a way as to 
give him an insight into the practical uses of mathematics when carried to a 
higher level than he has to teach. It should certainly include the notation 
of the Differential and Integral Calculus, together with such practical 
applications as can be deduced from the differentiation and integration of 
positive integral powers. He will thus learn that there are a good many 
problems which require more complicated formulae for their solution, and 
that what he does for his examination is merely a stepping stone to higher 
methods ou which many of the most important problems of modern civilisa- 
tion depend. 

Unfortunately, however, modern educational authorities seem intent in 
developing in our labouring classes a spirit of luxury and discontent instead 
of trying to improve their efficiency and intelligence, and thus the elementary 
teacher has his time largely taken up with such subjects as music and 
nature study, of which the latter may be of great use in rural districts, but 
is out of place in the densely populated towns in which it is introduced. 
This very fact shows a want of the proper mathematical mind on the part of 
educational authorities in their failure to take account of the varied condi- 
tions of their problem. 

Our Association might do very useful work in turning its attention to 
certain questions of mathematical notation and nomenclature. The un- 
mathematical inaccuracies arising in approximate calculations are largely due 
to the fact that we have only one symbol 0 to denote "aught" (or as the 
schoolboys say ought) and nought. When we speak of the Earth's radius as 
4000 miles, the O's stand for aughts, not noughts. It would be impossible 
to add, subtract, multiply or divide past an aught, and approximate 
calculations would thus be greatly simplified. 

There is also the need of a better inverse notation than that afforded by 
the index of the first negative power. This notation stands in incongruity 
with the notation for the sine squared. Despite Todhunter's attempt at 
justification, it always reminds me of the schoolboy's answer to the question 
why a certain noun was in the accusative, not the genitive case: "To make 
it harder for us." It involves the retention of six trigonometric functions 
when three would otherwise suffice. It is apparently not used for 
logarithms, for I have never seen log-lx=ex or e- =logx written. 

In most civilised countries they use arc sin and arc cos. Now the Greek 
prefix a meets every requirement, and is easier to write than arc. As applied 
to trigonometric functions a is the short for arc. It is also the short for angle, 
which is a decided advantage. In dealing with hyperbolic functions a stands 
for arg or argument; as applied to logarithms, a log may be taken to stand 
for antilog. The adoption of this simple and suggestive prefix is surely 
much more useful than the substitution of the " sneeze " and "cough" notation 

* The Indian method of long multiplication is in many ways better than the rules 
-commonly taught and does not appear to involve the same difficult process of unlearning 
when approximate results are required. 
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228 228 THE MATHEMATICAL GAZETTE. THE MATHEMATICAL GAZETTE. 

for the "shine" and "cosh" with which we are so familiar, a substitution on 
which certain examiining bodies appear to lay special stress. 

In conclusion, a vast amount of work lies before our Association waiting 
to be done. Progress must of necessity be slow, but I hop? that in the 
years to come we shall be successful in our attempts to raise mathematics to 
a higher level in Great Britain than it has ever occupied in the past. And 
I again repeat that this much desired end will conduce in no uncertain 
degree to the welfare and prosperity of our nation. 

THE CONIC THROUGH FIVE GIVEN POINTS. 

The following discussion may be of interest on account of the way in 
which it leads to the axial and focal properties. 

I. Let the locus of a point P such that A(CDEP)=B(CDEP), where 
A, B, C, D, E are fixed points, be called the conic (AB, CDE). Then it is 
clear that permuting A, B or C, D, E does not affect the conic, and that the 
conic passes through C, D, E, and also through A, B. (Give BP the four 
positions BC, BD, BE, BA and then give AP the position AB.) 

Since AP and BP correspond homographically the same conic may be 
defined as (AB, FGH) where F, G, H are any three positions of P except 
A, B. 

II. If F is any point on (AB, CDE) then Pascal's theorem can be proved 
for any hexagon whose vertices are A, B, C, D, E, F if B is next but one to 
A, and thus A or B may be interchanged with any one of C, D, E. For 
instance if A is to be interchanged with C we put A, B, C 1st, 3rd and 5th 
as in ADBECF. This is a Pascal hexagon, an(l it follows that F lies on 
(BC, ADE). Thus the conic is not affected by any permutation of the five 
points after which it is named, and we may call it (A BCDE). 

III. If any circle has been drawn through AB, the points P, Q where 
this circle meets the conic can be constructed with the ruler only as follows. 

Let AC, AD, AE, BC, BD, BE meet the circle in C1, D1, E1, C2, D2, E2. 

Then A (CD, EP)= A(CDEP) 
=B(CDEP) 
=B(CQD2E2P). 

Hence P is a double point in the homography in which CU, D1, E1 corre- 
spond to C2, D2, E2; the other double point is Q, and thus P, Q are the 
intersections with the circle of the Pascal line of the hexagon ClD2ECQDIE,. 

IV. By III. we may suppose the conic to be named after five points 
ABCDE, of which four are on a circle, say A, B, C, D. Take another circle 
through AB and let it meet the conic again in P, Q. In the figure of III. 
we then have 

/ D2C1A = D2BA = DBA = DCA. 
So that C1D2 is parallel to CD, as also is C2D]. Hence PQ also must be 
parallel to CD; PQ is therefore in a fixed direction whatever circle through 
A, B is chosen. 

V. As a particular case of IV. suppose C, D both at infinity: then it still 
follows that 

D2tA = DBA, D1C2B=DAB, 
and hence C1D2, D1C2 are parallel and PQ is parallel to them, making the 
same angle with AC that AD makes with AB. 

VI. Still taking ABCD cyclic, suppose that AB meets CD in T, and let 
the circle, whose centre is T and radius TA, meet CD in K, L. Let G, f be 
the points where AK, AL meet the conic. (G, II can be found by the 

for the "shine" and "cosh" with which we are so familiar, a substitution on 
which certain examiining bodies appear to lay special stress. 

In conclusion, a vast amount of work lies before our Association waiting 
to be done. Progress must of necessity be slow, but I hop? that in the 
years to come we shall be successful in our attempts to raise mathematics to 
a higher level in Great Britain than it has ever occupied in the past. And 
I again repeat that this much desired end will conduce in no uncertain 
degree to the welfare and prosperity of our nation. 

THE CONIC THROUGH FIVE GIVEN POINTS. 

The following discussion may be of interest on account of the way in 
which it leads to the axial and focal properties. 

I. Let the locus of a point P such that A(CDEP)=B(CDEP), where 
A, B, C, D, E are fixed points, be called the conic (AB, CDE). Then it is 
clear that permuting A, B or C, D, E does not affect the conic, and that the 
conic passes through C, D, E, and also through A, B. (Give BP the four 
positions BC, BD, BE, BA and then give AP the position AB.) 

Since AP and BP correspond homographically the same conic may be 
defined as (AB, FGH) where F, G, H are any three positions of P except 
A, B. 

II. If F is any point on (AB, CDE) then Pascal's theorem can be proved 
for any hexagon whose vertices are A, B, C, D, E, F if B is next but one to 
A, and thus A or B may be interchanged with any one of C, D, E. For 
instance if A is to be interchanged with C we put A, B, C 1st, 3rd and 5th 
as in ADBECF. This is a Pascal hexagon, an(l it follows that F lies on 
(BC, ADE). Thus the conic is not affected by any permutation of the five 
points after which it is named, and we may call it (A BCDE). 

III. If any circle has been drawn through AB, the points P, Q where 
this circle meets the conic can be constructed with the ruler only as follows. 

Let AC, AD, AE, BC, BD, BE meet the circle in C1, D1, E1, C2, D2, E2. 

Then A (CD, EP)= A(CDEP) 
=B(CDEP) 
=B(CQD2E2P). 

Hence P is a double point in the homography in which CU, D1, E1 corre- 
spond to C2, D2, E2; the other double point is Q, and thus P, Q are the 
intersections with the circle of the Pascal line of the hexagon ClD2ECQDIE,. 

IV. By III. we may suppose the conic to be named after five points 
ABCDE, of which four are on a circle, say A, B, C, D. Take another circle 
through AB and let it meet the conic again in P, Q. In the figure of III. 
we then have 

/ D2C1A = D2BA = DBA = DCA. 
So that C1D2 is parallel to CD, as also is C2D]. Hence PQ also must be 
parallel to CD; PQ is therefore in a fixed direction whatever circle through 
A, B is chosen. 

V. As a particular case of IV. suppose C, D both at infinity: then it still 
follows that 

D2tA = DBA, D1C2B=DAB, 
and hence C1D2, D1C2 are parallel and PQ is parallel to them, making the 
same angle with AC that AD makes with AB. 

VI. Still taking ABCD cyclic, suppose that AB meets CD in T, and let 
the circle, whose centre is T and radius TA, meet CD in K, L. Let G, f be 
the points where AK, AL meet the conic. (G, II can be found by the 
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